THEOREM 1. Assume that (i) Γ\sH s = {0}.
(ii) E has multiplicity 1. Then μ sits on a coset of R in B.
The present work was suggested and is strongly influenced by papers of Helson and Lowdenslager [6, 7] and Helson [4, 5] . Other papers that were useful are also listed in the references.
2* In this section we shall state some general results about spectral measures pertinent to us and prove some results that shall be of use. Proof of Theorem 1 will be given in §3.
Let H be a (complex) Hubert space. Let £Jbea spectral measure defined on Borel subsets & of the real line. Values of E are orthogonal projections on subspaces of H. Suppose that E has multiplicity 1, i.e., there exists a vector zeH such that {E (σ) (£, λ) . There are cases however where one has to deal with cocycles A(t, X) which are measurable in X for every fixed t. The present paper is one such case.
Finally we remark that the idea of our proof is already contained in the papers of Mackey [9] and Helson [4, 5] . We state here, without proof, a theorem of Mackey [9, p. 317 
for almost all y £ M 2 .
Proof of Lemma 3. Consider

F(u, t, X) = A(t + u, X)A~ι(t, X)A-'(u, X) .
From the cocycle relations (iii) we see that for each fixed v,, t (1) and (2) show that F(u, t, X) is measurable in (£, λ) for each fixed u and measurable in (u, X) for each fixed t. We show that F can be chosen to be measurable in all three variable (u,t,X) and still satisfy (1) and (2). Let σ be a measurable set in (£, λ) of finite measure. Consider
We show that this integral moves continuously in u.
F(u, t, X) -F(s, t, X)
I dXdt = [[ I A(t + u, X)A~1(t, X)A~\u, X) -A(t + s, X)A~1(t J X)A-\s, X) I dXdt (*) = ί ( I A(t + u, \)A-\u, X) -A(t + s, λ)^- 1^, λ) I dXdt .
This identity holds since | A(t, X) | = 1. Again by cocycle identity (iii), (*) is equal to
Si.
Thus for each (£, λ) measurable set σ of finite measure
ss.
moves continuously in u. So by Theorem 2, we can replace F(u, t, λ) by a measurable function in all three variables. So we assume now that F is measurable in all three variables. Now (**) (t,u) . But the left hand side is measurable in (u, ί, λ) and so by Fubini theorem there exists λ 0 such that (**) holds for almost every (u, t). So for almost every (u, t)
REMARK. We note that
is jointly measurable in (u,s). 
Define #(•) by £(σ) = \\ (l/\/ρ(λ))dw(X).
Then properties (i) and (ii) for 2( ) are easily verified. To prove (iii), let heH.
Then A has ψ h (X)dw(X) with 1 I ψ^(λ) | 2 dm(X) < oo. 
(iλ< oo. This proves (iii). Again E(σ)h = \ ψ h (X)dw{X) = \ φ h (X)dz(X) can be seen to be true. This
Jσ Jσ
proves (iv). It remains to show (v) and (vi). Let us write z t (σ) = T*z(σ -t). z t is again a countably additive measure on & with values in H. Since E is stationary, z t (σ) e E(σ)H. So z t (σ) has a representation of the type: z t (σ) = \ A(t, X)dz(X) for some function
Jσ A(t, λ), measurable in X for every t. Further
Since this holds for every σ, \ A(t, X) | = 1 for almost every λ. We can write the relation between z t ( ) and z( ) formally as dz t (X + t) =
A(t, X)dz(X + ί) which is the same as T ι dz(X) = A(t, X)dz(X + t). Now
T s+t dz(X) = T s T ι dz{X) = T s
A(t, X)dz(X + t) = A(t, X)A(s, X + t)dz(X + t + s) = A(s + t, X)dz(X + s + t) .
From this equation we get A(t, X)A(s, X + t) = A(s + t, λ). Thus A(t, X) is a cocycle. By Lemma 3 A is of the type A(X + t)/A(X) for some functions A. We choose this A for A of Lemma 5. Obviously I A(t) I = 1 for every t. Further A(t, X) = A^Q^AiX + t) is measurable in λ for every ί. This proves (v). Finally let h = i φ h (X)dz(X).
Then
This proves (vi). 
It -Xtlo = T% = \° f(X)A^(X)A(X + t)dz(X + t) . (*) χ t A-\t) = Γ f(X)A-1 (X)A(X + t)A-ι (t)dz(X + t) .
J -oo
We shall show that χ t {b)A"\t) is measurable in t for almost every beB (with respect to μ). First observe that, by remark following Lemma 3, A" 1 (λ)A(λ + t)A~\t) is measurable in (£, λ). Next the integral representation (*) for χ t A~\t) exists in the sense that approximating sums of the type Σί/(λ ί )A~1(λ ί )A~1(λ ί + t)A"\t)z(σ^ converge to χ t A~\t) in L 2 (B, μ) . Since μ is a finite measure the sequence of approximating sums converges to χ t A~\t) almost everywhere on B with respect to μ. But each of the approximating sum is measurable in t for every beB.
Hence for almost every beB (with respect to μ)
= ratio of two measurable functions in t for almost every b. So χ t (b -b f ) is measurable in t for almost every beB (with respect to μ). But a measurable character on R is necessarily continuous. So b f -beR for almost every beB (with respect to μ). Hence beb r + R for almost every beB (with respect to μ). So μ sits on a coset of R in B.
Much more is true than simply the fact that μ sits on a coset of R in B. For example, μ restricted to the appropriate coset is absolutely continuous with respect to the Lebesgue measure on that coset and if / is its Radon-Nikodym derivative, then : -( [2] , p. 586) .
A converse of Theorem 1 is true: If f]H s -{0} and μ sits on a coset of R in B, then E has multiplicity 1. This is essentially a consequence of a result of 0. Hanner [3] on representation of weakly stationary purely nondeterministic stationary stochastic process.
A finite regular measure v on B is called analytic if I χ t φ)v(db) = 0 for t < 0. Let μ denote the total variation measure of v. It can be shown that the subspaces H s in L 2 (B,μ) have the property Π-°o< s <oo H s = {0}. Let E be the spectral measure generated by H s -CXD < s < oo. If E has multiplicity 1 then by Theorem 1 μ sits on a coset of R in B and so v sits on a coset of R in B.
Recently in collaboration with V. Mandrekar, we have studied finite regular measure μ on B for which Π-oo< s <oo H s = {0} without assuming that spectral measure E has multiplicity 1. These results will be published elsewhere.
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